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Abstract 

In this paper we give necessary and sufficient conditions for discrete- 
ness of a subgroup of PSL(2, C) generated by a hyperbolic element and 
an elliptic one of odd order with non-orthogonally intersecting axes. Thus 
we completely determine two-generator non-elementary Kleinian groups 
without invariant plane with real traces of the generators and their com- 
mutator. We also give a list of all parameters that correspond to such 
groups. An interesting corollary of the result is that the group of the 
minimal known volume hyperbolic orbifold H^/Fsss has real parameters. 
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1 Introduction 

The group of all Mobius transformations of the extended complex plane C = CU 
{00} is isomorphic to PSL(2, C) = SL(2, C)/{±/}. The Poincare extension gives 
the action of this group (as the group of all orientation preserving isometries) 
on hyperbolic 3-space 

= {(z,t) I z e C, t > 0} 

with the Poincare metric 

fla'^ — J 1 

^2 

We study the class of TZV groups (two-generator groups with real parame- 
ters): 

nV = {T^ if, g)\f,ge PSL(2, C); /?, /?', 7 e M}, 

where p = l3{f) = tr'f - 4, /3' = /3(g) = tv^g - 4, 7 = 7(7, g) = tr[/, g] - 2. 

Recall that an element / G PSL(2, C) with real /3(/) is elliptic, parabolic, 
hyperbolic, or -k -loxodromic according to whether /3(/) G [—4,0), I3{f) — 0, 
(3{f) e (0,-hoo), or /?(/) e (-00,-4). If /?(/) i [-4,00), then / is called 
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strictly loxodromic. Among all strictly loxodromic elements only 7r-loxodromics 
have real /3(/). 

1.1. Elementary TZV groups. Following PP, we call a subgroup F of PSL(2, C) 
elementary if there exists a finite F-orbit in H'^ U C. Elementary groups are 
studied in m^U- Among the TZV groups, the following are elementary: 

(1) Both generators are elliptic with intersecting axes. 

(2) Both generators are elliptic of order 2 with mutually orthogonal skew axes 
or with disjoint axes lying in a hyperbolic plane. 

(3) One generator is hyperbolic or 7r-loxodromic and the other is elliptic of 
order 2 whose axes intersect orthogonally. 

(4) The generators (with real (3, (3' , and 7) share a fixed point in C. 

The list of all discrete elementary groups (not necessarily from the TZV class) 
is given in so there is no need to consider discrete elementary TZV groups 
here. 

1.2. TZV groups with invariant hyperbolic plane. 

(1) Any two-generator Fuchsian group, i.e., conjugate to a subgroup of 
PSL(2,R), is an TZV group. Discreteness conditions for such groups have 
been well-studied (see j^J^JI^, for a complete list of references see [7]). 

(2) Any non-Fuchsian two-generator subgroup of PSL(2,C) with invariant 
hyperbolic plane is also an TZV group. Such a group contains elements 
that reverse orientation of the invariant plane and interchange the half- 
spaces bounded by it. Discreteness criteria and a classification theorem 
for all such discrete groups are given in |2U| . 

In the space of discrete TZV groups with parameters (/3, —4,7) is analyzed. 
Since one of the generators is elliptic of order 2 and parameters (3 and 7 are 
real, it follows from Theorems l(i) and 2(i)] that all such groups are either 
elementary or have an invariant plane. 

Our paper is devoted to the following class: 

1.3. Truly spatial TZV groups. We call a subgroup of PSL(2, C) truly spatial, 
if it is not elementary and has no invariant hyperbolic plane. All truly spatial 
TZV groups are characterized by the following theorem (see also Table 1 in |18|'): 

Theorem 1. Theorem 4] Let F = (/, .g) be an TZV group. T is a truly 
spatial group if and only if 

(-1)'=7 < (-l)'''+i/3/3'/4 with 7 ^ 0, /3 7^ -4, and (3' ^ -A, 

where k G {0, 1, 2} is the number of it -loxodromic elements among f and g. 
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The current paper is the last in a series of earher papers JSJ-^HI that gath- 
ered together give criteria (necessary and sufficient conditions) for discreteness 
of all truly spatial TZV groups with real traces of both generators. Thus, we 
complete the description of all discrete TZV groups with non-7r-loxodromic gen- 
erators. The result in terms of parameters can be found in Table|5|in Appendix, 
where all real triples {(3,f3',j) for non-elementary discrete TZV groups without 
invariant plane with non-7r-loxodromic generators are listed. 

Our main result is Theorem A below that gives criteria for discreteness of 
truly spatial TZV groups generated by a hyperbolic element and an elliptic one 
of odd order with intersecting axes. The discrete groups from this theorem 
correspond to rows 21-41 of Table [3 in Appendix. In the theorem we assume 
without loss of generality that the elliptic generator is primitive; if not, we can 
replace it by its primitive power of the same order (cf. |18j\ 

Theorem A. Let f be a primitive elliptic element of odd order n, n > 3, g be 
a hyperbolic element, and let their axes intersect non- orthogonally. Then 

(1) There exist elements /ii,/i2 G PSL(2, C) such that h\ = gfg^^f, h'^ = 

fin-l)/2g^lf-lgf^in+l)/2gf-lg-l^ ^ ^ ■ l ^ ^ fl^^ 2 ^ / ^ ^ ^ 0^ 

elliptic element whose axis intersects the axis of f. There exists also an 
element h^ e PSL(2,C) such that hi = /("-i)/2.g-i/i-\g/-("-3)/2/j-i 
and h^hi is an elliptic element whose axis intersects the axis of f . 

(2) r = (/, g) is discrete if and only if one of the following conditions holds: 

(i) hi is hyperbolic, parabolic, or a primitive elliptic element of even or- 
der 2m {2/n+l/m < 1) and h2 is hyperbolic, parabolic, or a primitive 
elliptic element of even order 21, I > 2; 

(ii) hi and h2 are rotations through angles ofn/m and n/l, respectively, 
and the ordered triple {n,m,l} is one of the following: {5,2,5/2}; 
{3, TO, to/3}, to is an integer, to > 4, (to, 3) = 1; {n, 3,n/3}, n>5, 
(n, 3) = 1; {3, 5, 3/2}; {5, 2, 5/3}; {3, 5, 5/4}; {5, 3, 5/4}; {5, 2, 3/2}; 

{Hi) n = 3, hi is hyperbolic, h2 is a rotation through an angle of Air/k, 
h2gfg~^ is a primitive elliptic element of order p and the ordered 
pair {k,p} is one of the following: {6,5}; {/c,3}, k is an integer, 
k>7, (fc,4)<2; 

(iv) hi is hyperbolic and ft,2 is the cube of a primitive elliptic element /12 
of order 2n so that h\gfg~^ is a rotation through angle An/k, where 
the ordered pair {n, k} is one of the following: {5, 5}; {n, 4}, n > 5, 
(n,3) = 1; 

(v) hi is a primitive elliptic element of odd order to {1/n + 1/to < 1/2) 
and h^ is hyperbolic, parabolic, or a primitive elliptic element of even 
order 2k, k > 2; 

(vi) n — 3, hi and h^ are primitive elliptic elements of the same order 
TO, TO > 7, (m, 2) — 1; 
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(vii) hi is the square of a primitive elliptic element hi of order n, 
n > 7, and hi is hyperbolic, parabolic, or a primitive elliptic el- 
ement of even order > A, where hi is defined as follows: /i| = 
j(ri-3)/2^-i^^^j-(n+i)/2^^j-i h^fh^^ is an elliptic element 

whose axis intersects the axis of f . 

The content of the paper is mainly the proof of this theorem that is given 
in Sections 3~6. In Section 8 we reformulate Theorem A in terms of parameters 
to get Theorem B. 

Minimal volume hyperbolic 3-orbifold. Let T^^r^ be a Z2-extension of the 
orientation preserving index 2 subgroup of the group generated by reflections 
in the faces of the hyperbolic tetrahedron with Coxeter diagram 3-5-3. This 
group is known to have minimal covolume (=0.03905...) among all arithmetic 
groups 12] and among all groups with a tetrahedral subgroup (the symmetry 
group of a regular tetrahedron) and groups containing elliptic elements of order 
p > 4 The latter fact is a great evidence of the Gehring-Martin conjecture 
that r353 has minimal covolume among all Kleinian groups. In Section 7 we 
prove that Pass is an TZV group. 

Acknov^rledgements. The authors would like to thank the Edinburgh Mathe- 
matical Society for its financial support which enabled the first author to visit 
Heriot-Watt University, and personally Prof. J. Howie for his splendid hospital- 
ity during the preparation of the paper and many interesting discussions. 

We also thank the referee who gave us an idea of how to improve the intro- 
duction to this paper. 

2 Preliminaries 

For the benefit of the reader, we will list some preliminary definitions and results 
that we will need in this paper. 

For basic definitions in discrete groups we refer the reader to |21j. AH for- 
mulas of hyperbolic geometry that we use in calculations were taken from [^. 

We also use the following powerful instruments in our proof: discrete ex- 
tensions of tetrahedral groups and minimal distances between axes of elliptic 
elements in discrete groups. 

Denote by Gt the group generated by reflections in the faces of a compact 
Coxeter tetrahedron T. All discrete extensions of its orientation preserving 
index 2 subgroup At were obtained by Derevnin and Mednykh in P). 

The minimal distance Pmin [p, q) between the axes of two elliptic elements of 
orders p and g in a discrete group were obtained by Gehring and Martin in |10| 
and Gehring, Marshall, and Martin in ^21- Table shows cosh pmin{p,<l) for 
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Table 1: cosh p,nin{p, q), P,q <7 





2 


3 


4 


5 


6 


7 


2 


1.000 


1.019 


1.088 


1.106 


1.225 


1.152 


3 


1.019 


1.079 


1.155 


1.376 


1.155 


1.198 


4 


1.088 


1.155 


1.366 


1.203 


1.414 


1.630 


5 


1.106 


1.376 


1.203 


1.447 


1.701 


1.961 


6 


1.225 


1.155 


1.414 


1.701 


2.000 


2.305 


7 


1.152 


1.198 


1.630 


1.961 


2.305 


1.656 



In fact, for p > 7 and q > 2 the minimal distance is determined by the 
following formula |12|: 

{1 if 9 7^ 3, g ^ p, 

cos(7r/p) if g = 3, (1) 
cos(27r/p) if q = p. 

We will also need the following geometric Lemmas. 

Lemma 1. Let li and I2 he two disjoint lines in and let I he a transversal 
of them meeting them in points P and Q with corresponding angles of ip o,i^d 
X, respectively, where ip < x < ''^ l"^- Let and ?2 he new lines passing through 
P and Q so that their corresponding angles are of kip and kx, respectively, 
< fc < 1 (see Figure^fi). Then I'l and I2 are also disjoint. 

Proof. By contradiction. Suppose I'l and I2 are parallel or intersecting. Then 

1 - cos kip cos kx 

cosh PQ < . ■ , . ■ (2) 

sm kip sm kx 

Note that jSJ is an identity for parallel lines. Now prove that 
1 — cos fcV' cos fcy „ , ,„ 

/(^) = • I., I. ^ < V < X < 

sm kip sm kx 
is increasing on (0, 1]. Indeed, 

/'(fc)(sin fci/) sin fcx)^ — sin fc^/; cos fcx + x sin fcx cos sin fc^/; sin fcx + 

(— 1 + cos kip cos kx) {ip cos kip sin kx + X cos kx sin kip) 
= {x sin kip — Ip sin kx) (cos kip — cos kx) > 0, 

since both expressions in parentheses are positive. (The first one is positive 
because sin(a;)/a; is decreasing on (0,7r/2).) 
Therefore, f{k) is increasing and we have 

1 — cos kip cos fcy 1 — cos ip cos y , , 

< < fc < 1. (3) 



sin kip sin kx sin ip sin x 
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Since li and I2 are disjoint, PQ is greater than in case of parallel lines: 

1 l-cos?Acosx 
coshPQ > : — -—. -. (4) 

sm ^ am x 

Combining (j^J, ©, and Q), we have coshPQ < coshPQ. Contradiction. □ 





Figure 1: 



Lemma 2. Let a triangle A = A{(j), tf), 0) in have angles of cf> < cf>o , i/j < ipo , 
< Oq at vertices N, L, and M , respectively. Fix a real number c (0 < c < 1). 
Let I — l{4>^il)^9) be the line through NM and let d — d{(l),rjj,6) be a half-line 
from L making an angle of cip with LM so that d and A lie in different half- 
planes with respect to LM. Suppose d and I are disjoint for some (f> = 4>o, 
tp = ipo, 9 ^ 6q. Then d and I are also disjoint for any 4> < 4>q, ip l^ipo, 8 < do- 

Proof. Fix a point {(jji, tpi,6i) in 3-dimensional parameter space such that (pi < 
(po, V'l < "007 di < ^0- Suppose that the lemma holds at that point, i.e., 
d = d{(pi,tpi,9i) and I — l{(pi,tpi,9i) are disjoint. It is sufficient to show that d 
and I are also disjoint at {(p,ipi,9i), {(pi,'ip,6i), and {(pi,ipi,9), where (p < (pi, 

The first and the third cases are easy and true for any c > that satisfies 

Ctpo < TT. 

In case {(pi,tp,Si), one can apply Lemma^with I2 = NL, li — N'L', I2 — d, 
I'l = d', k = c < 1 (see Figure^). For c = 1, the hues d and d' are disjoint, 
because they are images of NL and N'L' under reflection in ML'. Hence, d' 
and I are also disjoint, since they lie on different sides of d. □ 



Polyhedra and links 

A plane divides H"^ into two components; we will call the closure of either of 
them a half-space in H'^. 

A connected subset P of H"^ with non-empty interior is said to be a convex) 
polyhedron if it is the intersection of a family Ti. of half-spaces with the property 
that each point of P has a neighborhood meeting at most a finite number of 
boundaries of elements of H. 
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Definition. Let P be a polyhedron in and let dP be its boundary in 'E? . In 
(l)-(3) below we define the link for different "boundary" points of P (cf. 0). 

(1) Let p G dP. Let S be a sphere in 'M? with center p, whose radius is chosen 
small enough so that it only meets faces of P which contain p. Such a sphere 
exists by the local finiteness property we claim in the definition of a polyhedron. 
There is a natural way to endow S with a spherical geometry identifying S with 

as follows. Map conformally onto the unit ball B3 = {a;eM3||a;|<l} 
so that p goes to and after that change the scale of the sphere to be of 
radius 1. The link of p in P is defined to be the image of 5n P under the above 
identification (it is well-defined up to isometry). 

(2) Let aP be the closure of dP in tf = U C. Suppose WPXdP ^ 0, and 
let p e dP\dP. Then p e C (i.e., it is an ideal point). Let 5" be a horosphere 

3 

centered at p that only meets those faces of P whose closures in H contain p. 
We can identify S with Euclidean plane using an isometry of H'^ that sends 
p to oo. The image of 5 H P under such identification is called the link of the 
ideal boundary point p in P. Note that such a link is defined up to similarity. 

(3) Suppose that there exists a hyperbolic plane S orthogonal to some faces 
Fi, . . . ,Ft of P, and suppose that the other faces of P lie in the same open 
half-space which is bounded by S". If f > 3 then we say that S corresponds to 
an imaginary vertex p of P; and we define the link of p in P to be 5 n P. 

Notice that the link of a proper (lying in H^), ideal, or imaginary vertex p 
in P is a spherical, Euclidean, or hyperbolic polygon (possibly of infinite area), 
respectively. 

The surface S in the definition is called a link surface and is orthogonal to 
all faces of P that meet S; hence the group generated by reflections in these 
faces keeps S invariant and can be considered as the group of reflections in sides 
of a spherical, Euclidean, or hyperbolic polygon depending on the type of the 
vertex. 

If such a polygon is a triangle with two primitive and one non-primitive 
angle, we use Figure |21 that gives a list of all such triangles in hyperbolic and 
spherical cases which 'generate' a discrete reflection group. The list of the 
hyperbolic triangles first appeared in Knapp's paper QJ, then Matelski gave a 
nice geometric proof ^I^. The list for the spherical case can be found in [5]. 
As for triangles with more than one non-primitive angle reflections in sides of 
which generate a discrete group, see [201 Lemma 2.1] for a hyperbolic list and |S] 
for a spherical one. 

We denote a triangle with angles ir/p, 7r/g, and n/r in any of spaces 
or by {p,q,r). Note that the only Euclidean triangle with at least one 
fractional angle that gives a discrete group is (6, 6, 3/2). 

Definition. We define a tetrahedron T to be a polyhedron which in the pro- 
jective ball model is the intersection of the hyperbolic space H'^ with a usual 
Euclidean tetrahedron (possibly with vertices on the sphere dM'^ at infinity 
or beyond it) so that the intersection of each edge of Te with is non-empty. 
Such a tetrahedron can be non-compact or have infinite volume, but the 



7 





Figure 2: All hyperbolic and spherical triangles with two primitive and one 
non-primitive angles that generate a discrete group 
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links of its vertices are compact spherical, Euclidean, or hyperbolic triangles. 

Let a tetrahedron T (possibly of infinite volume) have dihedral angles tt/Ai, 
7r/A2, tt/As at some face and let tt/^i, tt/zzs be dihedral angles of T that 

are opposite to tt/Ai, 7r/A2, tt/As, respectively. We denote such a tetrahedron 
by T = [Ai, A2, A3; /ii, /i2, Ms] and the group generated by reflections in its faces 
by Gt- 

3 Basic construction 

In this section we describe the main steps of the proof of Theorem A and prepare 
for a detailed description of the list of all discrete groups. 

The method of the proof is geometric and is based on using the Poincare 
theorem 0]. However, the Poincare theorem gives conditions on the dihedral 
angles of a fundamental polyhedron for a group. We would like to obtain condi- 
tions that depend only on the generators / and 17 of F. That is why we introduce 
auxiliary elements hi, i — 1, . . . in Theorem A. 

Each of hi is defined by two relations. For example, for hi we have hi = 
gfg~^f and {hif^^Y — 1- The first relation means that hi is a square root of 
gfg^^f, but there are in general two square roots of gfg~^f in PSL(2,C). In 
order to rewrite conditions used in the Poincare theorem, we need namely that 
one which is defined by the second relation = 1. The same is true for 

other elements hi. 

Existence of hi and /12 is proved in Subsection 3 of this section and existence 
of /i3 is proved in Section 4.1. This proves the part (1) of Theorem A. Existence 
of /14 that appears in item {2){vii) of Theorem A is proved in Section 4.2. 

3.1. Construction o/F*. We start with construction of a group F* containing 
F as a subgroup of finite index. Such a group is discrete if and only if F is. 

Let / be a primitive elliptic element of odd order n > 3, 5 be a hyperbolic 
element, and let their axes intersect non-orthogonally. We denote elements and 
their axes by the same letters when it does not lead to any confusion. Let uj 
be a plane containing / and g, and let e be a half-turn with the axis which is 
orthogonal to uj and passes through the point of intersection of / and g. 

For the group F = (/, g) we define two finite index extensions of it as follows: 
F = (/, g, e) and F* = (/, e, Rui) (we denote the reflection in a plane k by i?^). 
The groups F, F, and F* are either all discrete or all non-discrete. 

3.2. New generators for F*. Let Cf and eg be half-turns such that f ^ efC 
and g ~ e^e. Axes e/ and e lie in some plane, denote it by e, and intersect at 
an angle of 7r/n; e and uj are mutually orthogonal; Cg is orthogonal to uj and 
intersects g, moreover, the distance between eg and e is equal to half of the 
translation length of g. 

Consider e and (e,e/) (see Figure Ot). The group contains elements e, 
Bf — fe, /^e, . . . Each element f'^e, k = 0,1,2, .. . is a half-turn with an axis 
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(a) 



(b) 



Figure 3: 



lying in e. Denote ei = /(""i)/2e and 62 = /'^"+^^/^e. Note that is a bisector 
of the two hnes ei and 62. 

Let a be a hyperbohc plane such that / ~ R^Ra- Then F* = 

3.3. Construction of a fundamental polyhedron for F* corresponding to Theo- 
rem A(2)(i) and existence of hi and ft,2- First, note that there exists a plane 
6 which is orthogonal to the planes a, uj, and a' — eg{a). The plane 5 passes 
through the common perpendicular to / and eg{f) orthogonally to lu. It is clear 
that Cg C S. 

We need one more plane, denote it by C, for the construction of a fundamental 
polyhedron for F*. To construct C we use an auxiliary plane k that passes 
through ei orthogonally to a'. The plane ^ then passes through ei orthogonally 
to K. (Note that in general C 7^ e.) In fact, the plane a' and the line ei can either 
intersect, or be parallel, or disjoint. Note that if C H a' 7^ then ei _L (C fl a'). 

Let V be the convex polyhedron bounded by a, ui, a' , S, and (. Note that P 
can be compact or non-compact (see Figure where V is drawn as compact). 

Consider the dihedral angles of V. The angles between 6 and uj, 6 and a, 6 
and a' are of tt/2; the angles formed by lo with a and a' are equal to n/n; the 
sum of the angles formed by ( with uj and a is equal to tt. The planes a and 
a' can either intersect or be parallel or disjoint. The same is true for ( and a' . 
Denote the angle between a and a' by ir/m and the angle between a' and C by 
tt/ (2/); we use the symbols 00 and 00 for Z or m if the corresponding planes are 
parallel or disjoint, respectively. It is clear that if 

m (2/n + I/to < 1) and I {I > 2) are integers, 00, or 00, (5) 

then V and elements ei, Cg, Ra, Ruj, i?^ = CgRaCg satisfy the hypotheses of the 
Poincare theorem, F* is discrete, and V is its fundamental polyhedron. 

Now we rewrite the condition ^ via conditions on elements of PSL(2,C). 
In fact, we wish to show that this sufficient condition for discreteness of F* is 
equivalent to Item (i) of the theorem. 

A natural choice of elements R'^Ra and R'aR'ai where R'^ — eiRaCi, does not 
provide enough information about V. (Even if R'^Ra and R^R'a are primitive 
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elliptic elements, the corresponding dihedral angles of V can be obtuse. We 
refer the reader to |18l pp. 257-258] for more detailed explanation.) Therefore, 
we choose the following square roots instead. 

The first element we define is hi = R^Ra = R'aR^, where is the bisector 
of a and a' passing through eg. Then 

hi = R'^Ra ~ R'^RujRi^Ra — f'f, 

where 

/' = R'^Ruj = CgRaCgRu; = CgRaR^eg = egf^^eg = egcfecg = gfg^^. (6) 

Since ^ is orthogonal to uj, {R^R^j)^ = 1. On the other hand, 

R^Ru) — hiRaRuj — hif ^. 

The above equations imply two conditions 

hl=9fg-'f and {hif-^)^ = l 

that uniquely determine hi as an element of PSL(2,C). Moreover, hi is a 
primitive elliptic element of even order 2m (2/n + 1/m < 1) if and only if the 
dihedral angle of V at the edge a Da' is equal to 7r/m, m g Z (2/n + 1/m < 

1) ; hi is parabolic (hyperbolic) if and only if a and a' are parallel (disjoint, 
respectively) . 

Similarly, we define the second element as /12 — R^R'a ~ ^a^C- Then 

hi = KK = KRuR^K = KIT^ = tgr^g-\ (7) 

where 

t = R'/^R^ = eiR'^eiR^ = eiR'^RaCi = eih\ei. 
Furthermore, since ei — /("^i)/2e and h\ — gfg^^f, 

t ^ f^^-^)'\gfg-^ /("+l)/2e ^ /(«-l)/2g-l r^gf-("+^y\ (8) 

From O and © we have hi = f^^'^^^'^g^^ f^^gf^^'^"^^^''^gf~^g~^ ■ 

We now need to choose the square root of R'aR'a that corresponds to the 

dihedral angle of V made by a' and a". The required /12 is such that = 

h2gfg~^ is an elliptic element whose axis intersects /. 

With this choice, /12 is a primitive elliptic element of even order 21, I > 

2, if and only if the dihedral angle between a' and a" is tt/1, I £ Z {I > 

2) ; /i2 is parabolic (hyperbolic) if and only if a' and a" are parallel (disjoint, 
respectively) . 

Therefore, the condition (0 is equivalent to 

hi is hyperbolic, parabolic or a primitive elliptic element of even 
order 2m {2/n + l/m < 1) and /12 is hyperbolic, parabolic or 
a primitive elliptic element of even order 21 {I >2), 
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which is item (2)(z) of Theorem A. 

3.4- Assume that the condition does not hold. This means that V itself is 
not a fundamental polyhedron for T* . Then discrete groups may appear in one 
of the following cases: 

(1) m is fractional, 1/m + 2/n < 1; 

(2) m is an integer, 1/m + 2/n < 1, and I is fractional, I > 1; 

(3) m G {00,00} and I is fractional, I > 1. 

These cases require a further consideration and in Sections 4-6 we completely 
determine the list of discrete groups in each case. 

Namely, in each of the cases (l)-(3) we assume first that T* is discrete to 
exclude some groups that cannot be discrete, that is, we get necessary conditions 
for discreteness. It turns out that all remaining groups are discrete, that is 
the necessary conditions arc also sufficient. Such discrete groups are listed in 
items {2){ii)-(vii) of Theorem A. In order to prove sufficiency, we forget that 
r* was assumed to be discrete and for each such group we give a polyhedron 
and generators of T* satisfying the hypotheses of the Poincare theorem. Hence, 
r*, and therefore F, is discrete and the sufficient part of (2) in Theorem A is 
also proved. 

4 m is fractional, 1/m + 2/n < 1 

We have assumed that F* = (ei, eg, R^, RJ) is discrete, so each of its subgroups 
is also discrete. Hence {R^, Ra, R'a) is discrete. Notice that {R^^R^^^R'^) acts 
as a group of reflections in the sides of a hyperbolic triangle (n, n, m) which 
is the upper face of V (see Figure From the list of all triangles with two 
primitive angles that give a discrete group (see Figure 121, we have that for m 
fractional either 

(a) fa = 2m is odd; or 

(b) 4to = n. 

In both cases F* contains the reflection R^, where ^ is the plane that bisects 
the dihedral angle of V at the edge a n a'. Moreover, Rs also belongs to F*, 
because ^ passes through eg and eg ~ R^Rs- 

4.1. TO = 2m is odd 

That is 

hi is a primitive elliptic element of odd order m, 1/n + 1/m < 1/2. (9) 

Let Vi be a polyhedron bounded by w, a, S, ei{S), and ei(^). Let ir/k be 
the dihedral angle of Vi at the edge n ei(f), k £ (1, oo) U {oo, oo}. The other 
angles of Vi are sub multiples of tt (see Figure 0}. 
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Figure 4: Polyhedron Vi 

If 

fc > 1 is an integer, cxd, or oo (10) 

then r* is discrete. Its fundamental polyhedron is a half of Vi. 

Again, rewrite the condition 1)10(1 as a condition on elements of PSL(2,C). 
Let ft,3 = RpR^, where /? is the bisector of ^ and ei(^) passing through ex. Then 

^1 = i.RpRif' = (ei-R{ei)i?^ = eiR^eiR^R^R^ = eiR^RaCihif'^ 
Note that since eghiCg = h^^ , we have ehie = g^^h^^g and, therefore. 

We have = RpR^^ if and only if h^hi is an elliptic element whose axis intersects 
the axis of /. 

The element /13 is a primitive elliptic of even order 2k, k > 2, if and only if 
the dihedral angle of Vi between ^ and ei(^) is 7r/fc, /c g Z, A: > 2; /13 is parabolic 
(hyperbohc) if and only if ^ and ei(^) are parallel (disjoint, respectively). 

So we have that the conditions © and llOfl are equivalent to Item (v) of 
Theorem A. 

Assume that k is fractional. Then there are additional reflections in T* in 
planes passing through the edge ^nei(^) which decompose Vi- Consider the link 
of the vertex Vi = an^nei(^) (see FigureEJ. It is either a spherical, Euclidean, 
or hyperbolic triangle (2, m,k), rh is odd, depending on whether Vi is a proper, 
ideal, or imaginary vertex, respectively. Since the corresponding link surface Si 
is invariant under {Ra,R^,R'^, where R'^ = eiR^ei, the group naturally acts 
on Si as a group of reflections in the sides of the triangle (2,m, fc). There are 
no discrete groups with to odd and k fractional if (2, to. A;) is Euclidean. As for 
spherical and hyperbolic triangles, there are the following types of the link of 
Vi: 

• spherical triangles (s3), (s7), (s9), (sll), (sl2), (sl4), (sl5); 

• hyperbolic triangle (h2) in Figure |21 
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Lemma 3. // m is odd and the bisector (3 of the dihedral angle of Vi as above 
formed by ^ and ei(^) is the plane of a reflection belonging to the discrete group 
T* , then either n — i and fh >7, or n = 5 and m > 5. 

Proof. Let /? intersect a at an angle of n/p, where 2 < p < fh {(3 lies between ^ 
and ei(^), p is not necessary an integer). Then RpRa is an elliptic element of 
order greater than 2. Moreover, the axis of this element meets / at V2 = / n ei. 
We have two elliptic elements / and RpRa with different intersecting axes whose 
orders are greater than 2. Since these elements belong to a discrete group, the 
orders are at most 5. So, for odd n we have n = 3 or n = 5. It follows from the 
upper face of Vi that 1/n + \/rh < 1/2. Thus, n = 3 implies fh > 7 and n — 5 
implies m > 5. □ 

In Cases (s9) and (sl5) fh should be 3, but this contradicts LemmaOand 
these cases disappear (the group is not discrete). We will use Lemma |31 also to 
specify n and fh in Cases (s3) and (sl4). 

Let us describe the construction for Case (s3) in detail. All the other 
decompositions are made in a similar manner and we will give only a short 
description for each of them. 

By Lemma|31 we have n = 5 and m = 5. Let us first consider a non-compact 
polyhedron Vi bounded by uj, a, ^ and ei(^). The reflection planes S and ei{S) 
will be added later. 

Since the bisector /? is a reflection plane, there exists a reflection plane 77 
passing through ei orthogonally to (3. From the link of Vi, there exists a reflec- 
tion plane 771 through a fl /3 that makes an angle of 7r/3 with a (see Figure |SJi). 
The link of the vertex V2 formed by a, lo and /3 is a spherical triangle (5, 3, 3/2), 
which can be decomposed into smaller triangles only as (s8). Then Pi, and 
therefore H'^, is decomposed into tetrahedra T = [2, 2, 5; 2, 3, 5] (see the last 
paragraph in Section 2, which explains this notation). Each of T is a funda- 
mental polyhedron for the group {Ruj, Ra, Rs,, ei) = Gt < T*. 




B 



c 



V 



(a) 



(b) 



Figure 5: 
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Now we determine the position of 5. Consider the face of Vi lying in w. In 
Figure IsJd we have drawn traces of the reflection planes in cu. (Note that not 
aU of these traces are reflection hnes in ui.) The angle at B of the quadrilateral 
ABCV2 is 27r/5. From the link of V2, 

cos(7r/3) + cos(7r/2) cos(7r/5) 1 11 

sin(7r/2)sin(7r/5) ~ 2sin(7r/5) ^ 2sin(7r/4) ^ 7^' 

That is 2(p < 7r/2. Thus, the common perpendicular p to CV2 — f and AB = 
w n ^ lies inside ABCV2. Since S passes through p, S intersects the interior of 
one of the tetrahedra T. By F* = (Gt, Rs) is not discrete. 

In Case (sl4), n = 5 and fh — 5, the space is decomposed into tetrahedra 
T = [2, 2, 3; 2, 5, 3]. By the same reason as in Case (s3), F* is not discrete. So, it 
remains to consider only Cases (s7), (sll), (sl2) without the central plane and 
the hyperbolic case (h2). 

Cases (s7) and (sll). Here k = p/3, p = 4 or 5, rh — 3, n > 7. There 
are two planes through H ei(^). Consider one of them (denote it by rj). From 
the links of Vi and V3 (see Figure for Case (s7)) one can easily find the 
dihedral angles which 77 forms with a and lo. Since n > 7 and F* is supposed 
to be discrete, the vertex formed by a, u, and t] is imaginary and its link is a 
hyperbohc triangle A = (n,4, 3/2) for Case (s7) and A — (n, 3, 5/3) for (sll); 

i?,,, RJ) acts as a group of reflections in the sides of A. But there are no 
such discrete groups. Thus, F* is not discrete. 




(a) (b) 
Figure 6: 

Case (sl2). Here k — 5/3, m = 5, n > 5. Consider the polyhedron 
of infinite volume bounded by a, u, ^, and ei(^). The link of the vertex V2 
is a spherical, Euclidean, or hyperbolic triangle (n, 5,3/2). Since the group 
generated by the reflections in its sides is discrete, n — b. It is easy to find the 
decomposition of the space into tetrahedra T — [2, 3, 5; 2, 3, 2] (see Figure [HIj). 
One can see that the common perpendicular p to the lines / and a n f intersects 
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V1V2 in the middle. Thus, the plane S (which is orthogonal to a, uj, and ^) 
passes through p and cuts T into two parts. But {Gt, Rs) < T* is not discrete 
by 0. 

Case (h2). Here k = m/2, m> 7, {fh, 2) — 1, n — 3, 5. 

Assume first that n — 3. Consider the link of Vi. The bisector /3 of the 
dihedral angle formed by ^ and ei(^) passes through ei. Since Rfs £ T* , there 
is a plane 77 passing through ei orthogonally to f3 and i?^ € F*. Note that rj is 
orthogonal to ^. The link of the vertex V2 formed by a, w, and /? is a spherical 
triangle (3, 3, 3/2) and is divided uniquely into 4 triangles (2, 3, 4) by reflection 
planes. 




(a) (b) 
Figure 7: Discrete groups for Items (vi) and (vii) of Theorem A. 

Let T be the prism bounded by lj, (3, ij, and the link surface S of V3 (see 
Figure C^). Since Rs G F*, it is clear that the hyperbolic plane S becomes a 
reflection plane, F* = {R^j^ Rp, Rij, R^, Rs), a-nd T is a fundamental polyhedron 
for F*. This is item (2)(ot) of the theorem. 

Now assume that n — 5. In this case the polyhedron Vi is decomposed into 
infinite volume tetrahedra T — [2, 2, 5; 2, 3, rh]. Similarly to Case (s3), the plane 
S intersects the interior of T so that F* is not discrete. 

4.2. TO = n/4, n>7 

Consider the polyhedron V2 bounded by a, uj, 5, ei{S), ^i, and ei{^) (see Fig- 
ure [7|d for determining the plane /j, which is orthogonal to S; V2 is drawn as 
a compact). Denote the dihedral angle of P2 formed by ^ and ei(/i) by 7r/fc. 
Note that V2 is congruent to the polyhedron Vi with to = 3, see Subsection (a) 
above, but we see that there are no discrete groups in that case with fractional 
k. However, if 

/c > 1 is an integer, 00 or 00, (11) 

then F* is discrete. 

We show how to get Item iyii) of Theorem A. The procedure is analogous 
to the usual one. First of all, note that now the element hi defined in Section 3 
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is a rotation through ■n/m = A-k/tl and we take a primitive eUiptic hi of order 
n so that hi = h\. Further, define /i4 as follows: 

h\ = {eiRfjei)Rf^ = {eiRfj,eiR^){R^Rf_,) 

= {eifh^'fei)Chir') = f^''-'^/'9-'hi9r^"+'^/'hir\ 

Note that to obtain the last equality we have used the obvious fact that 
Cgh^^Cg = hi. 

In order to define ^,4 uniquely we need the last condition: hjifh^^ must be 
an elliptic element whose axis intersects /. Now we see that the conditions 
"m = n/4, n > 7" and (|ll|l are equivalent to Item (vii) of the theorem. 

5 m is an integer (2/n+l/m < 1) and / is frac- 
tional (/ > 1) 

Let be a non-compact polyhedron bounded by a, lu, a' , and a" = ei(a'). The 
intersection of a, a', and a" forms a vertex Vi. Its link is either a spherical, 
Euclidean, or hyperbohc triangle {n,mj). The subgroup {Ra,R'^,R'^) of the 
discrete group T* is also discrete and acts as the group generated by reflections 
in the sides of the triangle (n,m,l), where n is odd, m is an integer, and I is 
fractional. 

There are no discrete groups if Vi is ideal. As for proper or imaginary 
Vi, using Figure 121 and taking into account the fact that 2/n + 1/m < 1, we 
have the following list to consider (we also indicate triangles from Figure |21 that 
correspond to Vi): 



(1) 


n 


> 


5, 


m = n, I = 


k/2, k is odd, fc > 3 (hi, s2); 


(2) 


n 


> 


5, 


m = 2,l = 


n/2 (h2, s3); 


(3) 


n 




3, 


m > 4, (m 


3) = 1,1 = m/3 (h3, s4); 


(4) 


n 


> 


5, 


(n,3) - 1, 


m = 3, / = n/3 (h3, s4); 


(5) 


n 


> 


5, 


m = n, I = 


n/4 (h4, s5); 


(6) 


n 




3, 


m = 5, I = 


3/2 (s8); 


(7) 


n 




5, 


m = 3, I = 


3/2 (s8); 


(8) 


n 




5, 


m = 2, / = 


5/3 (sl2); 


(9) 


n 




3, 


m = 5, / = 


5/4 (sl3); 


(10) 


n 




5, 


m = 3, / = 


5/4 (sl3); 


(11) 


n 




5, 


m = 2,l = 


3/2 (sl4); 


(12) 


n 




3, 


m = 7, I = 


7/2 (h5); 
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(13) n = 7, m = 3, ; = 7/2 (h5). 



For each case we proceed as follows. We start with reflectfons in a, lo, a', 
and a" . Using the link of Vi we find additional reflection planes and dihedral 
angles that they make with a and a' . Then using new links we find new re- 
flection planes and construct a decomposition of V into subpolyhedra (usually 
tetrahedra) T with primitive angles, or show that the group is not discrete. If 
the bisector C of the dihedral angle of V formed by a' and a" is a reflection 
plane in T* , then since it passes through ei, there is another reflection plane 
rj through ei that is orthogonal to C,. We include 77 in the decomposition. If 
the decomposition gives a discrete group Gt generated by reflections in the 
faces of T, we find the positions of ei and Cg and determine whether the group 
(Gt, ei, Cg) = r* is discrete. When construction of such a decomposition is not 
difficult we give only a description of T. 

Remark 1. If two axes of elliptic elements intersect non-orthogonally in a 
discrete group, then the orders of both elements are at most 5. In particular, 
if r* is discrete and the bisector C is a refiection plane in F* so that C, meets a 
non-orthogonally, then n = 3 or 5 and the order of RoRq is 3, 4, or 5. 

In Case (1), n > 5, m — n, I — fc/2, k is odd, fc > 3. The bisector ( is 
the only refiection plane passing through a' n a" . It is orthogonal to both a 
and uj and so to / = a H w. Since C passes through ei, there is a reflection 
plane 77 passing through ei orthogonally to (. Since ( is orthogonal to /, the 
plane 77 contains / and is the bisector of the dihedral angle formed by a and lu. 
Since also m — n, the polyhedron is symmetric with respect to rj. Besides i?^, 
F* contains reflections CgRr^Cg and Rrj{egRrjeg)Rri (see Figure|Slfor proper Vi). 
Note that the plane r]' of the last reflection passes through a n a' and makes an 
angle of 7r/(2n) with a. 

Now we show that Vi cannot be proper, that is, n 7^ 5. Indeed, if n 5 
then there are two rotations R^R'.^ of order 2n — 10 and R'^Rc; of order k (fc is 
odd) with axes intersecting at Vi, which is impossible in discrete groups. 

Vi cannot be imaginary as well. Indeed, from 20 it follows that the hyper- 
bolic link of Vi is a triangle (n, n, n), but this means that fc = 2ri is even. 

So, Case (1) does not give discrete groups. 




Figure 8: 
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In Case (2), n > 5, m — 2, I — n/2. The link of the vertex V2 formed by 
a, uj, and C is a spherical triangle {n, 3, 3/2). By Remark 1, n = 5. In this case 
Vi is proper and V is decomposed into tetrahedra T = [2, 3, 5; 2, 2, 5] so that ei 
is one of its edges (see Figure EK)- 

One can see that the line passing through the midpoints of the edges AC 
and BV2 in the tetrahedron ABCV2 is orthogonal to w and to ViC and thus 
coincides with eg. By the group (Gt, Sg) —T* is discrete and a half of T is 
its fundamental polyhedron. This is a group from the list in item (2)(m) of the 
theorem. 

In Case (3), n = 3, m > 4, (m, 3) — I, I — to/3, V is decomposed into 
tetrahedra (possibly of infinite volume) T = [2, 3, to; 2, 3, 3] (see Figure for 
m = 4,5). By construction, ei is orthogonal to / and to V1V3 and passes 
through the midpoint of AB. It is clear that (CtjCi) is discrete. Note that Cg 
is conjugate to ei and {Gt, ei) = F*. This is one of the groups from item (2)(m) 
of the theorem. 

In Case (4), n > 5, (n, 3) — I, m = 3, I — n/3, V is decomposed into 
tetrahedra (possibly of infinite volume) T — [2, 3, n; 2, 3, rt] (see Figure for 
n = 5). One can see that ei is orthogonal to the opposite edges of T with the 
dihedral angles of n/n, and eg is orthogonal to the opposite edges with dihedral 
angles of 7r/3. Therefore, {Gt, ei, eg) = F* is discrete and a quarter of T is 
a fundamental polyhedron for F*. This is one of the groups from item (2)(m) of 
the theorem. 

In Case (5), n > 5, m = n, I — n/A. Analogously to Case (1), there exists 
a reflection plane rj passing through ei and /. Conjugating rj by RrjCg, we have 
a new reflection plane through Vi. However, the link of Vi cannot be divided 
by additional reflection planes so that the corresponding reflection group to be 
discrete (see |2S1)- Thus, F* is not discrete. 

In Case (6), n — 'i, m — b, I — 3/2. Construct the decomposition of V 
into tetrahedra (see Figure IHli). Note that ei coincides with one of the edges 
of a tetrahedron in the decomposition. Consider the tetrahedron ABV1V2 = 
[5, 3/2, 5; 5, 3/2, 5]. It is easy to sec that the line passing through the midpoints 
of AVi and BV2 is orthogonal to lu and to AVi. Thus, it coincides with eg. 
Moreover, ABV1V2 is divided by reflection planes into four tetrahedra T = 
[2, 3, 5; 2, 3, 2] so that eg passes through the midpoints of the opposite edges 
of T with dihedral angles of 7r/5 and 7r/2. By 3 , {GT,eg) = F* is discrete 
and a half of T is its fundamental polyhedron. This is one of the groups from 
item (2)(m) of the theorem. 

In Case (7), n — 5, m — 3, I ^ 3/2. The bisector ^ is a reflection plane and 
makes dihedral angles of 27r/5 and 3tt/5 with a, and cu, respectively. Hence, the 
link of the vertex V2 formed by a, uj and C is a spherical triangle (5, 5/2, 5/3). 
But the reflections in its sides do not generate a discrete group [S] . Thus, F* is 
not discrete. 
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In Case (8), n = 5, m = 2, I = 5/3. In this case V is decomposed 
into tetrahedra T = [2, 3, 5; 2, 3, 2] and ei passes through the midpoints of the 
opposite edges of T with dihedral angles of tt/5 and 7r/2. One can see that eg 
is conjugate to ei (see Figure|5^, where we give the most important elements of 
the decomposition). From [3], {GT,eg) = {GT,ei) = T* is discrete and a half 
of T is its fundamental polyhedron. This is one of the groups from item (2)(m) 
of the theorem. 

In Case (9), n = 3, m = 5, Z = 5/4, V is decomposed into tetrahedra 
T = [2, 3, 5; 2, 2, 4] (see FigureEf ). Note that ei coincides with an edge of T and 
therefore, ei G Gt- Moreover, the edge AVi is orthogonal to the edge a Ha' and 
lies in a plane orthogonal to oj. Hence, eg passes through AVi and therefore, 
Cg G Gt- Thus, F* = Gt is discrete; this is one of the groups from item (2)(ii) 
of the theorem. 

In Case (10), n = 5, m = 3, I = 5/4. In this case V is decomposed 
into tetrahedra T = [2, 3, 5; 2, 2, 5] (see Figure IHfe). Since the bisector C is a 
reflection plane, ei coincides with one of the edges of T and therefore, ei e Gt- 
Furthermore, eg passes through the midpoints of the opposite edges of T with 
dihedral angles of 7r/3 and 7r/2. From F* = {Gt, eg) is discrete and a half of 
T is a fundamental polyhedron for F* . This is one of the groups from item (2)(m) 
of the theorem. 

In Case (11), n — 5, m — 2, I ^ 3/2. In this case V is decomposed into 
tetrahedra T = [2, 3, 5; 2, 3, 2] (see FigureUr). Again ei S Gt- It is not difficult 
to see that eg passes through the midpoints of the edges of T with dihedral 
angles of 7r/5 and n/2. F* = {GT,eg) is discrete (see jHI) and a half of T is a 
fundamental polyhedron for F*. This is one of the groups from item (2)(m) of 
the theorem. 

In Cases (12) and (13), the link of a vertex formed by a, oj, and C is a 
spherical triangle {n, 7/3, 7/4). Obviously, the group generated by reflections in 
sides of such a triangle is not discrete. Thus, F* is not discrete. 

6 m G {(X),oo} and / is fractional (/ > 1) 

Suppose m = oo. Then the link of a vertex formed by a, a', and a" is a 
hyperbolic triangle (n, Z,oo), where I is fractional. Clearly, there are no such 
discrete groups (cf. USD- 

From here on, m = oo, I is fractional, and F* is discrete. Start with V (see 
Section 5). The planes a, w, a' = eg{a), a" = 61(0;') are reflection planes and 
make the following angles: a and ui, a and a", a' and cu intersect at 7r/n, a' and 
a" at ir/l; but now the planes a and a' as well as a" and u) are disjoint. To draw 
this non-compact polyhedron we use four additional planes to compactify it: S 
(which is orthogonal to a, lo, and a'), r (orthogonal to a, a', a"), 6' = ei(J), 
and r' = ei(T) (see Figure ITUk') . 
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(a) 



(b) 



Figure 10: 



The compact polyhedron is also symmetric with respect to ei. Note that r 
intersects 5 and p = Tr\6 is the common perpendicular for a and a' . Remember 
that a priori r and 5 are not reflection planes, so they can make any angle, which 
does not contradict discreteness; moreover, p can intersect NL (as in Case (16) 
below) . 

Consider r and {Ra,R'a, R'a)- The group acts in r as a group generated by 
reflections in the sides of a polygon D of infinite area with three sides and two 
angles of it /n and t: /l at vertices N and L, respectively. Since I is fractional, 
there are additional reflection lines in r that correspond to reflection planes 
through LQ = a' n a" in V. 

Remark 2. Note that if a plane through LQ intersects a, it also intersects 
a n r. Hence, if C, is the bisector of the dihedral angle of V formed by a' and 
a", it passes through ei and therefore, intersects /, a, and a H r. 

Remark 3. The bisector C from Remark 2 cannot be orthogonal to a (otherwise 
a and a' meet at an angle of 7r/n, but they must be disjoint). If C is a reflection 
plane in V* , then n = 3 or 5 and the order of ft, = RaR(; is 3, 4 or 5 by Remark 1 
(see Section 5). 

Now we will produce a complete list of possible decompositions of r by 
reflection planes. Suppose ir/l = sir/r, where s and r are integers, (s,r) = 1, 
r > s > 2. Then the line through L cutting D and making an angle of 7r/r with 
LN intersects the opposite side a n t of at some point M (because C, also 
intersects a n t by Remark 2 and s > 2) . Denote by A the triangle with vertices 
L, M, N. It has two primitive angles -n/n and 7r/r at N and L, respectively, 
so either A is one of the hyperbolic triangles in Figure El or all its angles are 
primitive. It is clear that the decomposition of r is specified by n, I, and A. 

Now suppose that A is chosen and placed into r so that it has primitive 
angles (j) = [n is odd) at N and iji = ir/r at L (see Figure ITUb). We find 
the smallest s such that a' and a are disjoint and (s, r) = 1. Then we check if a 
and C intersect and if Remark 3 holds. If both conditions hold, we include such 
a decomposition in our list and replace s with s + 1. If just a H C 7^ 0, we do not 
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include the decomposition of r in the Hst but still replace s with s + 1. Then 
check again if (s, r) = 1, a fl C 7^ 0, and Remark 3 holds. Using Remark 2, we 
stop our process for the fixed position of A as soon as the planes a and ( are 
parallel or disjoint for some s = s. We do not include decompositions of r with 
such a triangle for all s >'s. Note that we can detect the behavior of a and C 
(as well as a' and a) by considering their projections onto r, since a, a', and C 
are orthogonal to r. 

Note that one picture in Figure [21 can give us two different sequences of 
triangles, say for (h3), we can take first n — 3 and then n — p > 7. If the same 
triangle can be placed in r in a different way, we proceed with a new position 
(in fact, we consider this new position as a new triangle A in our algorithm). 

It remains to explain why not all triangles with two primitive angles give at 
least one decomposition of r and appear as A in our list. 

We start with triangles (h2)-(h5) in Figure El triangles of type (hi) will 
be considered later. Obviously, triangles of type (h2) do not give any suitable 
decomposition. If a picture, say (h3), gives us a sequence of triangles that 
depends on a parameter p, then we start with the smallest p = po (in fact, 
Po — 7) and consider this triangle as A = A(po)- If for the chosen triangle the 
process of producing the list of decompositions stops with some s = s, there is 
no need to consider all other triangles A(p) (of the same type and placed in a 
similar way into r) for all p > Pq and s > s by Lemma (21 

Using the above algorithm, one can see that if A is chosen from (h2)~(h5) 
in Figure 121 then the only possible decompositions that satisfy both Remark 2 
and the condition a n C 7^ are those listed as (1)~(4) in Proposition ^ below. 
To produce the remaining cases in the list we need also the following 

Lemma 4. If A has angles 7r/5 at N, n/A at L, and tt/3 at M , then an C = 
for s = 3. 

Proof. The proof is a straightforward calculation. □ 
Now consider the two-parameter family of triangles (hi) in Figure (21 Here 
q and p = n are odd {1/q + 1/p < 1/2). Fix q — 3 first. Then we have a 
one-parameter family and the process above gives decompositions (5) and (6) 
in Proposition^ For q = 5, we obtain (7) and (8). For q >7, using Remark 3 
(when s = 2) and Lemmas and 01 (when s = 3), one can show that the triangles 
(hi) do not give suitable decompositions. 

It remains only to consider triangles with all primitive angles. We start with 
a right-angled triangle A, then ZAI = 7r/2. If ?i = 3 we use the above algorithm 
to get (9) and (10) in the proposition below. Analogously, using Remark 3 and 
Lemma 121 for n > 5, we get (11) and (12) and show that there are no other 
decompositions with right-angled triangles. 

Suppose that the greatest angle of A is 7r/3. It is easier to start now with 
s = 3 to see what happens. Since the angle at L should be less than tt, i.e., 
sn/r < TT, we have r > 4. Then Lemma 01 combined with Lemma (21 gives that 
we do not have other decompositions except (13) for s = 3, and therefore, for 
all s > 3. The last case to consider is s = 2, that is the case where the bisector 
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C is the only reflection plane through LQ. Using Remark 3 (which is now a 
criterion to stop), we get the rest of the list. We have proved the following 

Proposition 1. Let f and g be as in Theorem A. IJT = {f,g) is discrete and 
gfg^^f is hyperbolic, then either I is an integer, or n, I, and A as above belong 
to the following list: 



(1) 


n 


= 3, I 


= 8/3, 


A = (3 


,8,8/3); 




(2) 


n 


= 3, / 


= 7/3, 


A = (3,7,7/3); 




(3) 


n 


= 7, I 


= 7/3, 


A = (7, 7, 7/4); 




(4) 


n 


= 7,. I 


= 7/5, 


A = (7, 7, 7/4); 




(5) 


n 


> 7, I 


= n/5. 


(n,5) = 


= 1, A = (n. 


a, 3/2); 


(6) 


n 


> 9, I 


= n/7. 


(n,7). 


. 1, A = (n. 


a, 3/2); 


(7) 


n 


= 5, I 


= 5/2, 


A = (5,5,5/2); 




(8) 


n 


> 5, I 


= n/3. 


(n,3) = 


= 1, A - (n. 


a, 5/2); 


(9) 


n 


= 3, I 


= r/4:. 


r > 7, 


[r,2) = 1, A 


= (3,r,2); 


(10) 


n 


= 3, I 


= r/5, 


r > 7, 


(r,5) = 1, A 


= (3,r,2); 


(11) 


n 


> 5, I 


= r/3, 


r > 4, 


[r,3) = 1, A 


= (n,r,2). 


(12) 


n 


= 5, I 


= r/4, 


r > 5, 


[r,2) = 1, A 


= (5,r,2); 


(13) 


n 


= 3, I 


= r/3. 


r > 4, 


(r,3) = 1, A 


= (3,r,3); 


(14) 


n 


^ 3, I 


- r/2. 


r > 5, 


[r,2) = 1, A 


= (3,r,3); 


(15) 


n 


= 3, / 


= r/2, 


r > 3, 


(r,2) = l, A 


-(3,r,4); 


(16) 


n 


= 3, / 


= r/2. 


r > 3, 


(r,2) = 1, A 


= (3,r,5); 


(17) 


n 


= 5, / 


= r/2. 


r > 3, 


(r,2) = l, A 


= (5,r,3); 


(18) 


n 


= 5, / 


= r/2. 


r > 3, 


[r,2) = l, A 


= (5,r,4); 


(19) 


n 


= 5, / 


= r/2. 


r > 3, 


(r,2) = l, A 


= (5,r,5). 



Later we will see that Cases (16), (9), and (14) (maybe with some further 
restrictions) lead to Item (Hi) and Cases (8), (11) lead to Item (iv) of the theorem 
and that there are no other discrete groups among (1)~(19). 

In Case (1), n — 3, I — 8/3, A = (3,8,8/3). Let k, ki, and K2 be three 
planes in the decomposition of V shown in Figure lllb (if a plane, say k, is 
orthogonal to t or t' = ei(T), we show often just kHt and k n r' in figures). 

Suppose K and ki are parallel or disjoint. Then ki is disjoint from a (because 
K and a are also disjoint and a and ni lie in different half-spaces bounded by k). 
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(a) 



(b) 



Figure 11: 



The same argument shows that a and uj are disjoint (both a and uj are disjoint 
from Ki and He in different half-spaces with respect to This contradicts the 
fact that / = RujRa is elhptic. 

Suppose K and ki intersect and form a dihedral angle of n/k. We see that 
the link formed by a', k, and ki is (8, 3, k). So, k — 8/3 (Figure |2^h3)) or k is 
an integer, fc > 2. The case k = 8/3 is impossible, because the link formed by 
K, Ki, and K2 is a spherical triangle (3, 2, 8/3) that cannot appear in a discrete 
group. 

The case fc > 3 is also impossible, because two planes a and u are disjoint 
from K and ki, respectively, so even if a and uj intersect, the angle between 
them is smaller than between k and ki. If fc = 2 (k is orthogonal to then it 
is easy to see that Rk{c() is disjoint from ki, so a itself is also disjoint from ki. 
We see again that a and uj are disjoint, because they lie in different half-spaces 
with respect to ki and ki and uj are disjoint. 

In Case (4), n~7,l~ 7/5, A = (7,7,7/4). Consider ki and K2 = ei(Ki) 
(see Figure ITTb). These two planes are either disjoint or parallel (and then a 
and UJ are disjoint), or intersect at an angle of tt/7 to make the only possible 
compact link (7, 7, 3/2) together with k. But in the latter case a and uj cannot 
make the same angle 7t/7 contradicting the fact that n = 7. Therefore, F* is 
not discrete. 




(a) 



(b) 



Figure 12: 
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In Cases (2) and (3), n = 3, A = (3, 7, 7/3) or n = 7, A = (7, 7, 7/4) and 
I = 7/3. Let AC be a plane in the decomposition of V making a dihedral angle 
of 7r/7 with a' (see Figure [T^ . The link formed by k, a, and w is a spherical 
triangle (3, 7, 7/4) for Case (2) or a hyperbohc triangle (3, 7, 7/3) for Case (3). 
However, the group generated by reflections in its sides is not discrete (there 
are no such triangles in Figure Thus, in both cases F* is not discrete. 

In Case (5), n> 7, I — n/5, (n, 5) = 1, A = (n,n, 3/2); V is decomposed 
into infinite volume tetrahedra T — [2, 3, n; 2, 3, n] (see Figure [T^ . 

Now we determine the position of the axis eg. It passes through A and is 
orthogonal to lo. Since eg is not orthogonal to r (the perpendicular to r through 
A is the line ki n K3), the distance between eg and the axis LQ = a' D a" of an 
elliptic element of order n is less than AL, where 



In Case (6), n > 9, I ^ n/7, (nj) = 1, A = (n,n,3/2). Construct 
a decomposition of V into infinite volume tetrahedra T — [2, 2, 3; 2, 71, 3] (see 
Figure irtb). 

The points of intersection of eg with t and uj lie in different half-spaces 
bounded by the plane k. So, eg intersects k. Moreover, the point F = eg H k 
lies within the pentagon ABCLQ in Figure 114b . Since eg makes an angle of 
less than 7r/6 with k, there exists an elliptic element h e (Gt, &g) of order g > 3 
with the axis lying in k. 

On one hand, h cannot intersect the a-neighborhood Ua{LQ) of the axis of 
order n passing through LQ, where a = AQ = PminiS,n) < Pmin{<l,n), for 
all g > 3 (see Tableland the formulas (Q) or 12 ). On the other hand, h 
cannot meet AB since the projection of eg on k, is orthogonal to h and AB. 
Contradiction. F* is not discrete. 

In Case (7), n = h,l = 5/2, A = (5, 5, 5/2). The link of the vertex formed 
by a, LO, and where C, is the bisector of the dihedral angle formed by a' with 



cosh AL = 1/(2 sin(7r/n)) = cosh/3„ii„(2, n), n> 7. 



We arrive at a contradiction; F* is not discrete. 




Figure 13: 
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(a) 



(b) 



Figure 14: 



a", is a spherical triangle (5,5/2,5/3). But the group generated by reflections 
in its sides is not discrete Thus, T* is not discrete. 

In Case (8), n > 5, I — n/3, (n, 3) = 1, A = (n, n, 5/2). Consider two 
reflection planes k and ei(K) from the decomposition (see Figure Et^)- Denote 
by 7r/p and 7r/q the angles that k makes with eiln) and a, respectively. It is 
not difficult to show that if n/p is less than or equal to tt/2 (or the planes are 
parallel or disjoint) then a and uj arc disjoint. 




So we can assume that ir/p > 7r/2. The link of the vertex formed by a, u, 
and K is a triangle A = {5/2, n,q). Suppose A is spherical, then immediately 
n = 5 and from Figure[21 q — 2 or q — 3/2. Therefore, from the link of C, either 
p = 2 ior q = 2 or p = 5/2 for q = 3/2. In both cases n/p < Tr/2 and thus, 
a and uj are disjoint, which is impossible. Suppose now that A is hyperbolic. 
By |2()l Lemma 2.1], q — n > 5 and the link of C made by a, k, and ki is a 
spherical triangle {2,5/3,q/{q — 1)). Then q = n = 5 and therefore, p — 3/2 
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(see 0). 

Consider n = 5, p = 3/2. Then V can be decomposed into compact tetra- 
hedra T = [2, 2, 3; 2, 5, 3] (see Figure ITSb). Here, ei coincides with an edge of 
T (actually, with EV). Determine the position of eg. For n = 5, Cg intersects 
LM in the midpoint. Further, CE makes equal alternate interior angles with 
Ki n a and ki n a' and hence, LM bisects CE. Therefore, eg also bisects CE. 
The tetrahedron ACDE — [5, 5, 3/2; 5, 5, 3/2] consists of four copies of T. Con- 
sider the line I passing through the middles of CE and AD in ACDE. Then I 
intersects an edge with the dihedral angle 7r/2 that is opposite to both CE and 
AD. Thus, I is orthogonal to CE and AD. Moreover, I bisects the dihedral 
angle formed by k = ACD and ei(Ki) = AED and therefore, / is orthogonal to 
u. So, eg coincides with I. By j^, F* = {GT,eg) is discrete. This is one of the 
groups from item (2){iv) of the theorem. 




Figure 16: 



In Case (9), n = 3, I = r/4, r > 7, (r, 2) = 1, A = (3,r,2). Taking into 
account the fact that the bisector C is a reflection plane, it is not difficult to 
construct the decomposition of V into tetrahedra T — [2, 3, r; 2, 2, 4] with one 
imaginary vertex. By construction, ei coincides with an edge of T with the 
dihedral angle of tt/2. Moreover, one can see that Cg coincides with another 
edge of T with the dihedral angle of 7r/2 (see Figure [TH|l . Hence, F* = Gt 
is discrete and T is its fundamental polyhedron. It is one of the groups from 
item {2){iii) of the theorem. 

In Case (10), n = 3, Z = r/5, r > 7, (r, 5) = 1, A = (3, r, 2). There is a 
plane k from the decomposition of V which passes through a' D a" and makes 
an angle of 27r/r with a'. The link of the vertex formed by a, uj, and k is a 
spherical triangle (3,r, 3/2), r > 7. But the group generated by reflections in 
the sides of this triangle is not discrete. Thus, F* is not discrete. 

In Case (11), n > 5, I ^ r/3, r > 4, (r, 3) = 1, A = (ri,r, 2). One can 
construct the decomposition of V into tetrahedra T = [2, n, n, ; 2, n, r] of infinite 
volume (see Figure [T7|l . Let ki and K2 be reflection planes that pass through 
a' n a" and make angles of ir/r and 27r/r with a', respectively. Then T is 
bounded by a, ki, K2, and lu. 
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(a) 



(b) 



Figure 17: 



(1) Assume n = r > 5. Then Cg lies in ki. Moreover, Cg maps the face of 
T lying in ki onto itself. There are two more reflection planes that meet the 
interior of T. One of them, denote it by k, passes through eg and is orthogonal 
to Ki {k passes also through a fl K2), its image with respect to ei is the other 
reflection plane that passes through kiHuj. Therefore, T is decomposed into four 
tetrahedra Ti = [2, 2, 4; 2, n, 4] (see Figure [Hb)- Obviously, F* = (GTi,ei) is 
discrete and a half of Ti is a fundamental polyhedron for F*. This is item {2){iv) 
of Theorem A. 

(2) Assume n > r > 4. In this case eg does not lie in a reflection plane. Then 
eg maps K2 to a plane K3; moreover, K3 makes an angle of ir/n with lo. Let 
h = egRujRK,2^g and let e'g = R^^egRK^. Let A = eg D lo and A' = e'gD lo. The 
distance from A to h (denote it by t) is less than the distance from A' to the 
axis of h' = e'gR^Rf^^e'g (denote it by x, see Figure EJ- 

If h and h' intersect, then for n > 7, F* is not discrete. Suppose n = 5 and 
h and h' intersect at an angle 0. 











/ \( V / 






L 


^ on K, ^'>('\, 








1 A >\\, 





/=cono: 



Figure 18: 

Elementary calculations show that for rt = 5, r = 4, we have 1 > cos cj) > 
cos(7r/6), that is F* is not discrete. 

So we may assume that n > 5 and h and h' are disjoint. Let hi ~ ^'ghe'g. 
The elliptic element hi has order n > 5. The axis hi then cannot intersect (or 
be parallel to) the axes of order n through w H K2 and uj f] a' {hi is drawn in 
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Figure [THI by the dashed Hne). Thus, 

p{hi,ijj n K2) + p{hi,uj n a') < 2c, 

where c can be defined from the hnk of the imaginary vertex made by ki, /t2, 
and Lj. However, 

c = arccosh [ "^^^('^M < arccosh ( T^^l'^^'f'^ ) Pmin{n, n) 
\sm(7r/n)/ V2sm (7r/n)/ 

for all n > r > 8. We arrive at a contradiction, F* is not discrete. 

(c) If ?■ > n > 5 the arguments are analogous and the group is also not discrete. 

In^Case (12), n = 5, I = r/4, r > 5, (r, 2) = 1, A = (5,r, 2). In this 
case V is decomposed into tetrahedra T = [2, 2, 3; 2, 5, r] of infinite volume (see 
Figure [T^ . Note that ei coincides with the edge DV of T. 

Elementary calculations show that Cg intersects lu orthogonally inside the 
quadrilateral ABCV . Besides, Cg intersects either the triangular face CDV or 
the quadrilateral AVDQ. Show that in either case F* is not discrete. 




Figure 19: 



(a) The axis eg intersects CDV. Then the angle of intersection is less than tt/6 
and hence, there exists an elliptic element ft, G F* of order q > 3 with the axis 
lying in CDV. Since h and CV are disjoint, h intersects CD and DV. 

Let H ^ hn CD. Then CD = CH + HD. From ACDV, cosh CD = 
2 cos(7r/5)/(\/3sin(7r/r)). On the other hand, the distance between h and an 
elliptic element of order 3 or r > 5 cannot be greater than the correspond- 
ing minimal distance between axes of elliptic elements in a discrete group and 
therefore, 

CH > p,nin{q,3) and HD > p„^in{q,r). (12) 



However, 

2 cos(7r/5) 



A/3sin(7r/r) 



< cosh{pmin(q,r) + pminiq,i)), for g > 3, r > 5. (13) 
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Therefore, from it follows that CD <CH + HD. Contradiction. So, 

r* is not discrete. 

(b) The axis Cg intersects AVDQ. Then there exists an elliptic element h G T* 
of order q with the axis lying in AVDQ such that h does not intersect AV, and 
there exists a reflection plane k that passes through h and cuts the interior of 
ABCVDQ. Consider the following situations: 

(i) if h and DQ are disjoint and g > 3, then we estimate the distances between 
h and the axes of orders 5 and r as above and conclude that the group is not 
discrete. 

(ii) if h and DQ are disjoint and q ~ 2, then the line of intersection of k and 
BCDQ is the axis of an elliptic element of order q > 3. Similarly to part (a) 
above, 

coshAQ = cot(7r/5)cot(7r/r) < cosh(p™„(g, 5) + Pmin{q,r)) 
for all g > 3, r > 5. Therefore, the group is not discrete. 

(iii) if h intersects DQ at some point (possibly at infinity), then r = 5 and k, 
cuts off a finite volume tetrahedron from the trihedral angle with the vertex 
D. Since F* is discrete, {Gt,Rk) is also discrete and H'^ is tesselated by finite 
volume Coxeter tetrahedra. There are nine compact Coxeter tetrahedra, but 
the group generated by reflections in faces of any of them does not contain 
subgroups generated by reflections in the sides of triangles (2, 2, 3) and (2, 2, 5) 
simultaneously. As for non-compact tetrahedra, only r[2, 2, 5; 2, 3, 6] contains 
such subgroups, but in this case an axis of order 6 passes through CV and thus, 
the stabilizer of V contains elements of orders 5 and 6, which is impossible in a 
discrete group. So, T* is not discrete. 




Figure 20: 



In Case (13), n — 3, I — r/3, r > 4, (r, 3) = 1, A = (3, r, 3). In this case the 
bisector ( is not a reflection plane. Let V = f and let k and ki be reflection 
planes such that k passes through a n C and makes an angle of ir/r with a and 
Ki = ei{K) (Figure l^n)) . Since C intersects /, k also intersects / at the same 
point V. Since the elhptic element RaRn of order r belongs to SIy* {V) C 0(3), 
we have r = 4, 5. 
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Suppose r ~ 5. Consider the link A of formed by a, cu, and k. Then 
A ~ (3, 5/4, p), p > 0. Since the group is supposed to be discrete, p = 2, 5/2, 3, 
or 5. But this means that the area of A is at least a half of the area of the 
digonal link of V formed by a and uj, which is impossible. Arguments for r = 4 
are analogous and F* is not discrete. 

In Case (14), n = 3, / r/2, r > 5, (r, 2) = 1, A = (3,r,3). It is easy to 
construct the decomposition of V into tetrahedra T = [2, 2, 4; 3, 3, r] of infinite 
volume (see Figure l?T|) . 




Figure 21: 

In this decomposition, ei coincides with one of the edges of T and Cg lies in 
the face F oiT opposite to the vertex (2, 2, r). Moreover, Cg maps F onto itself. 
Hence, there is a reflection plane k passing through eg orthogonally to F so that 
K decomposes T into two tetrahedra Ti = [2, 2, 4; 2, 3, 2r] of infinite volume (see 
Figure 1^ where new lines in the decomposition are dotted, compare with Case 
(9)). Thus, F* = Gti is discrete and is one of the groups from item (2)(m) of 
the theorem. 

In Case (15), n = 3, I = r/2, r > 3, (r, 2) = 1, A = (3,r,4). One can con- 
struct the decomposition of V into infinite volume tetrahedra T = [2, 2, 3; 3, 4, r] 
(see Figure 122) • In this decomposition, ei coincides with one of the edges of 
T. We determine the position of Cg. Let rj be the plane in the decomposition 
that is orthogonal to the bisector (. Let A = rj H a' (1 uj, B = t] H a' (1 and 
V = 77 n C n w. Consider the face F oiV lying va lo. F is split by the axis AV of 
order 3 into two parts so that AV makes equal (alternate interior) angles with 
/ = Of n w and a' C]uj. Then Cg intersects AV in the midpoint. 

Since eg is orthogonal to AV , it maps A to V and therefore, the stabilizer 
Str- {A) of the point A in F* contains an element of order 4. Hence, AB is the 
axis of an elliptic clement of order 4 and from the link of B formed by a', C) 
and 77 we see that r — 4, which contradicts (r, 2) = 1. Thus, F* is not discrete. 

In Case (16), = 3, / = r/2, r > 3, (r, 2) = 1, A = (3,r,5). Since the 
bisector ^ is a reflection plane, there is a reflection plane r] passing through ei 
orthogonally to C, (see Figure |23Ji) . The link of the vertex A formed by r], a' , 
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Figure 22: 



and w is a spherical triangle (2,3,5/2). Hence, there is a reflection plane k 
through 77 n w that makes an angle of tt/5 with both lu and rj. One can see that 
the link of the vertex B formed by a', a" , and k is a triangle (3, r, 5/2), r > 3. 
However, if r > 5, then (3, r, 5/2) is a hyperbolic triangle that does not lead to 
a discrete group. 




Figure 23: 

Consider r = 3. Then the tetrahedron ABCV is compact and splits up into 
three tetrahedra T = [2, 2, 3; 2, 5, 3] (Figure ESb)- In the decomposition of V 
into T, ei coincides with an edge of T. 

We determine the position of eg. First, note that for r = 3, Cg intersects 
LN in the midpoint. Further, A' B' makes equal alternate interior angles with 
aOa' and a' Da" and hence, LN bisects A'B'. Therefore, eg also bisects A'B'. 

Consider the line I passing through the midpoints of A'B' and AV. It bisects 
the edge with the dihedral angle tt/2 that is opposite to both AV and A'B' in 
the small tetrahedra. Thus, / is orthogonal to AV and to A'B' . Moreover, I 
makes an angle of tt/IO with rj = AA'V and, therefore, is orthogonal to oj. So, 
eg coincides with I. 

By nil {Gt, Cg) = r* is discrete. This is one of the groups from item (2)(zm) 
of the theorem. 
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In^Case (17), n = 5, / = r/2, r > 3, (r, 2) = 1, A = (5,r,3). In this 
case V is decomposed into tetrahedra T = [2, 2, 5; 3, 5, r] of infinite volume (see 
Figure 





Figure 24: 

Let z denote the distance between eg and r^Hw, an axis of order 5. From the 
decomposition of r, we can calculate the length of the common perpendicular p 
to a and a': 

coshp — cos(7r/r) + cos(7r/5). 

Then from the plane (5, which is orthogonal to a, a' , and oj, we calculate the 
length of the common perpendicular x io f = aC\uj and a' C\uj: 



cosh X = 



coshp + cos^(7r/5) 
sin2(7r/5) ■ 



From the link of the vertex V formed by C, a, and uj, 

cos(27r/3) + cos2(7r/5) _ 2cos2(7r/5) 



sin2(7r/5) 2sin2(7r/5) 
Analogously, from the link of a vertex formed by a', 77, lo, 

cosh a = cot^(7r/5). 

Then 



sinh z = 



cosh a — cos ( 



1 



2sinh(a;/2) 4sin2(7r/5) sinh(a;/2) ' 

If r > 3, then z < p„i„(2,5) and the group is not discrete. Assume that 
r = 3. Let ni and K2 be reflection planes such that -R^i = CgRriCg and i?„2 = 
BgR^eg. Then 77, ki, K2, and ^ cut off a quadrilateral ViAV{A' from the plane 
w (Figure EId). Calculate 9 = ZA in VAV'A': 



cos 9 = — cos t/j cosh(2z) + sin -ip sinh(2z) sinh B'V' 
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where 



, , , , /- , , „, , sinhf2;/2) — cosoisinhz 

cos?/' = cot(7r/5)/%/3 and smhB'V' = r- ■ 

sm (j) cosh z 

On the other hand, the hnk of the vertex A formed by 77, K2, and is a 
spherical triangle (3,5,9). In a discrete group, q = 2,5/3,3/2, or 5/4. Then 
from such a link 

^, , cos(7r/q) + cos(7r/3) cos(7r/5) 2 cos(7r/g) + cos(7r/5) , ^ 

cost^(g) = — — . , — 7— = r= ^ cost^ 

sm(7r/3) sm(7r/5) \/3sin(7r/5) 

for all possible q. We arrive at a contradiction and thus, F* is not discrete. 

In Case (18), n 5, / = r/2, r > 3, (r, 2) = 1, A = (5, r, 4). The link of a 
vertex formed by a, uj, and the bisector C is a spherical triangle (5,4,4/3). But 
the group generated by reflections in its sides is not discrete. Thus, T* is not 
discrete. 

In Case (19), n = 5, / = r/2, r > 3, (r, 2) = 1, A = (5,r,5). It is not 
difficult to construct the decomposition of V into tetrahedra T = [2, 2, 3; 5, 5, r] 
of infinite volume. The axis ei coincides with an edge of T. We determine the 
position of Cg (Figure EHt)- Consider the face F oiV lying in oj. is split into 
two parts by the line I — f] to, where 77 is a reflection plane passing through 
ei orthogonally to the bisector C,. Since the (acute) angle that I makes with / 
is greater than the (acute) angle that / makes with w n a', tg intersects rj in an 
interior point of VCD. Moreover, the angle between Cg and 77 is less than 7r/6. 




Figure 25: 



Then there is an elliptic element h E F* of order g > 3 with an axis lying 
in 77 and disjoint from VD. Let h intersect the sides VC and CD of AVCD 
in points A and B, respectively (Figure EHb)- Clearly, h cannot intersect both 
the sides at right angles. So, StT*{A) and StT*{B) cannot be both (2,2,(7). 
Therefore, q = 4 or 5. Note that VCD is an isosceles triangle with 

Zy = Zi:> = arccos((l + \/5)/2) and ^C^n/r. 
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Suppose r = 3. For q = 5 calculate the altitude a from C in VCD: cosh a = 
4cos(7r/5)/A/3. But then a/2 < Pmm(3, 5) and thus, the group is not discrete. 
Suppose (7 = 4. The axis h of order 4 intersects the axes of order 2 at A and 
B. Since in a discrete group axes of orders 2 and 4 intersect at 7r/4 or n/2 and 
ABC is a hyperbolic triangle, we have ZA = ZB = 7r/4 in A ABC. Then the 
distance between AB and VD is less than Pmin(3,4). Thus, F* is not discrete. 

As for r > 5, it turns out that a — Pmin{q, r) < Pnmiil, 3) for q ~ 4,5. Thus, 
the group is not discrete. 

We have considered all the cases and so Theorem A is proved. □ 

7 On the minimal volume hyperbolic 3-orbifold 

Let Gt be the group generated by reflections in the faces of the hyperbolic 
tetrahedron T = [2, 2, 3; 2, 5, 3] and let be its orientation preserving index 2 
subgroup. It is well-known that Ay can be generated by two elements a and 
b of order 3 whose axes are the mutually orthogonal edges of T with dihedral 
angles tt/S (see eg. QSl)- The Z2-extension F353 = (At, e), where e is a half-turn 
whose axis is orthogonal to the opposite edges of T with dihedral angles 7r/2 and 
7r/5, is discrete by 0. T353 has minimal co- volume among all Kleinian groups 
containing elements of order p > 4 and among all groups with a tetrahedral 
subgroup JT] . It is also known that T353 has minimal co- volume in the class of 
arithmetic Kleinian groups j2j. 

The group F353 = (a, 6, e) is generated by a and e because b = eae. For this 
choice of generators, the parameter 7(0, e) is not real, since the axes of a and e 
are not mutually orthogonal. (For geometric meaning of the parameters see |18l 
Theorems 1-3].) However, the following statement is true. 

Corollary 1 The group F353 is an TZV group. 

Proof. The idea is to find another generating pair for r353. We will show that 
F353 is isomorphic to one of the discrete TZV groups that appear in the proof 
of Theorem A. Consider, for example, the group from Item (m) of Theorem A 
with n = 5, m = 2, and / = 3/2 (see Case (11) in Section 5 and Figure (SJi). 
Recall that F = (/, g, e) is the orientation preserving subgroup of F* = (Gt, ^g) 
and so F is isomorphic to F353^. ^ 

It remains to prove that F = F. All we need is to show that F353 = F is 
generated by / and g, i.e. that e — W{f,g). 

We have 

hl^R'^R^^gfg-'j and hl^ ^R'^^ fg-' r'dfgr'g-' ■ 

Moreover, in our case h\ = 1 and /i^ = 1- Let x = R^Ra and y = R^Ruj, where 
C is the bisector of the dihedral angle of V made by a' and a" . Then using 



36 



(gfg ^ff = 1 and f = 1, we have 

X = RcRa = {RM{RM = h2hl=gfg-'fg-'fgfgfg-\f 

y - R^R^ = (RcRcKRM = xf-' = gfg-'fg-'fgfgf-'g^'r'- 

The element z = yx is an element of order 3 and z — where rj is the 

plane passing through ei orthogonally to (. So, 

ei = Ri^Rjf = {R(^ Ra ) [Ra Rr]) = xz 

= gfg-'fg-'fgfgfg-'fg-'fgfgf-'g-'- 

Then since ei — pe, we get 

e = fgfg-'fg^'fgfgfg-'fg-'fgfgf-'g-'. 

This completes the proof. □ 



8 Parameters 

Theorem A can be reformulated in terms of the parameters /? — tr^/ — 4, 
P'^tr^g-4, and7 = tr[/,g]-2. 

Theorem B. Let f,g e PSL(2,C), /3 = -4 sin^(7r/n), n > 3, (n, 2) = 1, 

P' > 0, and < 7 < — /3/3'/4. T/ien F = (/, g) is discrete if and only if 
(/3,/3',7) is one of the triples listed in rows 21-4^ of Table\^in Appendix. 

Proof. To prove the theorem it is sufficient to calculate values of the parameters 
(/?,/?', 7) for all discrete groups described in Theorem A. Since we know fun- 
damental polyhedra for the discrete groups, it can be done by straightforward 
calculation. 

Since / is a primitive elliptic element of order n, f3 = tr^/— 4 = — 4sin^(7r/n). 
Compute 7 = tr[/, g] — 2. Using the identity © from Section 3 and the fact 
that / = Ra'Ruj, where a* — Ruj{a), we have 

fgr'g^' = fifT' - [Rc-'Ru)[RM = R^-K- 

Note that a* passes through / and makes an angle of n/n with lo. Moreover, 
a* and a' are disjoint and 5 is orthogonal to both a* and a' . Therefore, [/, g\ = 
fgf~^g~^ is a hyperbolic element with the axis lying in 6 and the translation 
length 2d, where d is the distance between a* and a' . 

It is known |18l Theorem 1 or Table 1] that for an elliptic and hyperbolic 
generators with intersecting axes, < 7 < — /3/3'/4. Hence, we get 

ti[f,g]=+2coshd and 7 = 2(cosh(i — 1). 

Finally, we compute — tv^g — 4 = 4 sinh^ T, where T is the distance 
between e and eg that can be measured in lu. 
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There are three essentially different fundamental polyhcdra for the discrete 
groups from Theorem A: V, Vi, and 7^2- AH other fundamental polyhedra 
are just smaller polyhedra in decompositions of these three. We describe a 
procedure for calculating the parameters in case of V , for other polyhedra the 
procedure is similar. 




Figure 26: 

To draw the non-compact polyhedron V from Section 5 we add planes 8 and 
ei((5), see Figure 1211 where thin lines show lines in & that are not edges of V , 
b is the distance between / and e^, and c is the distance between ei and 6. If 
m < oo then from the plane 6 we have 

coshrf = — cos(27r/n) cos(7r/m) + sin(27r/n) sin(7r/TO) cosha, 

where 

cos(7r/7i) + cos(7r/n) cos(7r/m) 
cosha = ■ / / \ ■ f / \ ■ 

Analogous calculations can be done for to = oo and to = oo. We obtain 

{2(cos(7r/TO) + cos(27r/7i)) if m < oo, 
2(1 + cos(27r/n)) if m — oo, 

2(coshp + cos(27r/n)) if to = oo, 

where p is the distance between a and a' = ^^(a) if they are disjoint. 
Further, 

cos(7r/(2TO)) 

cosh T — cosh cosh c, where cosh b = -. — j-^ — . 

sm(7r/n) 

Find coshc. Suppose V is proper. The face of V lying in w is a pentagon with 
four right angles, so c is given by 

, „ cos + cosh a cosh 2 & , cos(7r/n + cos(7r/n) cos(7r/TO) 

cosh 2c = — r-r-r, , coscp— — — — ; — r . 

smhasmh2o sm(7r/n) sm(7r/m) 
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formulas are similar for ideal or imaginary vertex V and for I G {oo, oo}. 
Combining the formulas above and simplifying them, we have 



f 2cos(7r//) ^iT+A{i3 + - 13)^) 27 

/3 



/3' 



2 

< - 

7 



7 



, 7/3 

V^(/3 + (7 - /?)") 27 



J'' 

2 cosh i V^T4(/3+ (7-/3)2) 27 



7/3 



2 if m < cx), 
if m = 00, 



7 



7/5 



/3 



- 2 



if 



m = 00, 



where t is the distance between a' and a". These results lead to rows (21)-(24) 
in Table H 

Similarly, considering the polyhedron Vi from Section 4 we calculate the 
parameters for the groups from item (2)(w) of Theorem A to get rows (25)-(26). 
Rows (27)-(28) come from Theorem A(2)(wi) (see Section 4 and Figure |33 for 

r2). 

If a fundamental polyhedron appears as a result of decomposition of 7^, Vi, 
or 7^2, then it suffices to substitute corresponding values of dihedral angles or 
distances into general formulas. So, rows (29), (32), and (35)-(40) correspond 
to Theorem A(2)(m); rows (33) and (34) correspond to Theorem A(2)(Mi); rows 
(30) and (41) correspond to Theorem A{2){iv}; the row (31) corresponds to 
Theorem A (2) (wi). □ 



Appendix 

For simplicity, in the statement of Theorem B and in Table |21 all elliptic gen- 
erators are assumed to be primitive. If one (or both) generator(s) of an TZV 
group is non-primitive elliptic, TableEland Theorem B still can be used to verify 
discreteness of the group, but first we must replace the triple (/3,/3',7), where 
P — —4:Sm^{qTT/n), {q,n) = 1, 1 < q < n/2, with a new triple (/?,/?', 7), where 
/3 = — 4 sin'2(7r/n) and 7 = {f3/(3)j. The new triple corresponds to the same 
group by Gehring and Martin (cf. [HI Remark 2, p. 262]). 

Remark A.l. A part of Table El first appeared in [T2j, but unfortunately, there 
was a misprint. Here we correct it. 



Table 2: All truly spatial discrete TZV groups whose generators 
have real traces. Here all numbers n, m, p are positive integers 





P = /?(/) 


7 = lif,9) 


(3' = Pig) 


Both generators are elliptic, mutually orthogonal skew axes 


1 


-4sin2 2: „ > 3 


-4cos2 -, 
cos - > sin - sin — 

p n m 


-4sin2 -, TO > 3 


2 


-4sin2 ^, n>3 


(-(»,-4] 


-Asin^ ^, TO > 3 
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Table 2: (continued) 





/? = Pif) 


7 = 7(/, 5) 




3 


-4sin^ ^, n > 7, 
(n,2) = l 


-(/3 + 2)2 


/3 


/ is elliptic and g is parabolic, the axis of / lies in an invariant plane of g 


4 


-4sin^ ^,n>3 


-4cos2i, p>2> 





5 


n ' — 


(-00,-4] 





Each of / and g is either parabolic or hyperbolic, 
each of the generators has an invariant plane which is orthogonal 
to all invariant planes of the other generator 


6 


[0,+oo) 


-4cos2|, :p>3 


[0, +oo) 


7 


[0,+oo) 


(-00,-4] 


[0, +oo) 


/ is elliptic, g is hyperbolic, disjoint axes 


8 


-4sin2 ^, n>2, 


-4cos2^, p>3 


(0, +oo) 


9 


-4sin^ ^, n>3 


(-0O, -4] 


(0, +oo) 


10 


-4sin2 ^, n > 5, 
(n,2) = 1 


-(/3 + 2)2 


4(/3 + 4) cos2 1 - 
P > 4 


4, 


11 


-4sin2^, n>5, 
(",2) = 1 


-(/3 + 2)2 


[4(/3 + 3),+oo) 


12 


-3 


(V5-3)/2 


2cos^^(7 + 3V5) 
P > 3 


-4, 


13 


-3 


(\/5-3)/2 


[2(5 + 3\/5),+oo) 


/ is elliptic of even order n, g is hyperbolic, 
the axes intersect non-orthogonally; l/n+ 1/m < 1/2 


14 


-4sin^ -, n > 4 


2(cos^ + cos22:), 
(m,2) = 2 


4cos^f 47 


15 


-4sin^ ^, n > 4 


2(cos^ +cos22) 
(m, 2) = 2 




■4 47 \ 


.7/3 y 




16 


-4sin^ -, n > 4 


[/3 + 4,+oo) 


4cos^- 4^ 

^-5>P>3 

7 


17 


-4sin2 ^, n > 4 


[/3 + 4,+(X3) 




■4 47 N 
^,+00 




18 


-4sin2l , n>4 


2(cosf +cosf ), 
(m,2) = l 


4(7-/3) C0S2. 47 
7 P P ' 

P> 3 
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Table 2: (continued) 





/? = /?(/) 


7 = lif, g) 




19 


-4sin2 ^, n > 4 


2(cos2^+cos2i), 
(to, 2) = 1 




[4(7-/3) 47 , ^ 
3-' +00 , 

. 7 /? y 




20 


-2 


2cos^, 
TO > 5, (to, 2) = 1 


7^ + 47 


U = 


/ is elliptic of odd order n, g is hyperbolic, the axes intersect 

non-orthogonally; l/n + 1/m < 1/2, 
j7-/3)'cos^+7(7 + /3) J/3 + 2)2cos^ ,(/32 + 6/3 + 


4) 


7/3 ' ~ 0+1 ~ 




21 


-4sin^ ^, n > 3 


2(cos22L +cos^), 
[ra^ z) — z 


f(cosf -cos^) + C/, 
33 > 2 


22 


-4sin^ 21 n > 3 


2(cost+cosf), 
(m, z) = z 




2(1- cos ^) 
7 


) 


23 


— 4 sm — , n ^ o 


[p + 4, +00) 


f(cosf -cos^) + C/, 
p> 2 


24 


-4sin2 ^, n > 3 


[0 + 4, +00) 




2(1 -cos 2:) 
7 


) 


25 


-4sin^ -, n > 3 


2(cosf +cosf), 

(to, 2) = 1 


2(7-/3) TT 

— — cos - + f7, p > 2 

7 V 


26 


-4sin2 ^, n > 3 


2(cos— + cos 221), 
(to, 2) = 1 








27 


—4 siii^ j^. II > 7 


(/3 + 4)(/? + l) 


2(/3 + 2)2cosf 


28 


-Asin^ ^, n>7 


(/3 + 4)(/3 + 1) 




[2(/3 + 2)2 ^ \ 
\ 0+1 +'^^+°"J 




29 


-4sin2 ^, n > 5, 
(n,3) = l 


/3 + 3 


J/3-3)cos^ -2/3-3 



30 


-4sin^ ^, n > 5, 
(n,3) = l 


2(/3 + 3) 


2 cos 21 + /3 + 2 


31 


-3 


2 cos(27r/m) — 1, 
TO > 7, (to, 2) = 1 


^72 + 27 + 2 

7 


32 


-3 


2cos(7r/TO) — 1, 
TO > 4, (to, 3) 1 


7^+47 


33 


-3 


2cos(27r/TO), 
TO > 7, (to, 4) < 2 


27 


34 


-3 


(\/5 + l)/2 


^/5 


35 


-3 


(\/5-l)/2 


x/5 
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Table 2: (continued) 





/? = /?(/) 


7 = 7(/, 9) 




36 


-3 


(\/5-l)/2 


\/5- 1 


37 


(x/5-5)/2 


(\/5-l)/2 




38 


(x/5-5)/2 


(\/5-l)/2 


(3^/5-l)/2 


39 


(\/5-5)/2 


(\/5-l)/2 


3(v/5 + l)/2 


40 


(^-5)/2 


(\/5 + l)/2 


3(\/5 + l)/2 


41 


(\/5-5)/2 


\/5 + 2 


(5\/5 + 9)/2 
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